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ABSTRACT The voltages on the AC overhead transmission lines (OTLs) can be calculated inversely
based on the measured electric field around the lines, which will much contribute to the non-contact
condition monitoring of OTLs. To more realistically simulate the actual operating state of OTLs in the wild,
a refined catenary equation of OTL with consideration of the vertical suspension and horizontal deflection is
established, and the according improved three-dimensional electric field mathematical model are proposed.
Furthermore, the OTLs’ voltages are calculated based on an improved optimization algorithm that combines
particle swarm algorithm and genetic algorithm. Some simulation and experiment cases by setting different
measurement errors and wind speeds are employed to verify the improving effect of the proposed model. The
analysis results shown that the three-phase maximum amplitude error is 6.48% and maximum phase error is
6.26◦ when the electric field measuring error is as high as 20% (beyond the normal level); on the other hand,
the maximum amplitude error and phase error are 2.54% and 0.96◦ respectively when the wind speed is set
to the strong wind of 15m/s. The results demonstrate the accuracy and robustness of the proposed model.

INDEX TERMS Overhead transmission lines (OTLs), three-dimension electric field mathematical model,
accuracy of inversion, non-contact condition monitoring.

I. INTRODUCTION
The amplitudes and phase-differences of three-phase voltages
are the characteristic parameters for indicating the operating
state of AC overhead transmission lines (OTLs). Generally,
the OTLs’ voltages are measured by the potential transform-
ers that are direct contacting with high-voltage OTLs. This
traditional voltage measurement method has shown some
defects in engineering application [1], [2], such as the require-
ment for power outage during installation and overhaul,
inducing frequent core saturation or ferroresonance, causing
severe insulation aging or failure, etc. Therefore, it is crucial
to develop new OTLs’ voltage measurement methods in the
face of the development of smart grid.

In accordance with the significant correlation [3]–[6]
between the voltages and electric field of OTLs, a new idea is
proposed to realize the non-contact measurement of OTLs’
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voltages by inverse calculation based on the electric field
data measured around OTLs [7]. The inverse calculation is
regarded as a multi-objective optimization process embedded
with OTLs’ electric field calculation, in which the measured
electric field data are used as the input and the OTLs’ voltages
are the target of optimization. This non-contact voltage mea-
surement method has some self-evident advantages in safety
and convenience [8]–[10], which would be much more useful
for the on-line monitoring of OTLs’ operating state.

To apply this new method in practical engineering,
the accuracy and robustness of inverse calculation need to
be improved. With further researches, there are mainly two
aspects to promotion. On one hand, with consideration of
the complex optimizing computation, the multi-objective
optimization algorithm and constraint conditions can be
improved and the latest relevant study can be seen in [8].
On the other hand, an improved OTLs’ electric field calcula-
tion model, which takes more actual operating conditions of
the OTLs and environmental factors into account, promotes
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the effect of non-contact measurement. This paper focuses on
the latter.

For different purposes, some researchers have established
the mathematical models to calculate the electric field around
OTLs. The simplest model is to regard the overhead con-
ductor as infinite straight line and parallel to the ground,
and the two-dimensional electric field can be calculated
fleetly [11], [12]. Obviously, the calculation accuracy of
the simplified model is hardly satisfactory. Thus, based on
the catenary equation of overhead conductors, the three-
dimensional electric field calculation models are established
in [13]–[19]. Furthermore, the unequal suspension height
and uneven span are taken into consideration in [20]–[22].
The improvements mentioned above focus on the mathe-
matical representation of overhead conductors in the ver-
tical direction and the consequential integral calculation
method;

However, the horizontal deviation of OTLs and its impact
on the spatial electric field have hardly been mentioned
yet. Inevitably, operating in the wild, the OTLs are affected
by the wind which produces horizontal deviation. If the
real-time measured electric fields are generated by OTLs
with horizontal deviation, while this factor isn’t embodied
in the electric field calculation model, there would be a
large difference between the inversion voltages and the actual
operating voltages. Subsequently, as important basis for fault
diagnosis and location, the non-contact measured voltage
may lead to misjudgments in on-line condition monitor-
ing of OTLs’ operating states, such as three-phase balance
anomaly, single-phase grounding fault and so on. Therefore,
to further improve the accuracy of inverse calculation, this
paper presents a modified three-dimensional electric field
calculation model with consideration of both the vertical
suspension and horizontal deviation of OTLs. The effect
of the improved model is discussed by theoretical error
analysis.

After that, an optimization algorithm embedding with
the improved electric field mathematical model is used
for the voltage inversion calculation. To improve the con-
vergence speed and calculation stability, the improved
algorithm [8] absorbs the advantages of particle swarm
algorithm and genetic algorithm. The voltage value can
be calculated point by point in the time domain accord-
ing to the mathematical models and the optimization
algorithm. The characteristic parameters of sinusoidal
voltages can be determined by the sinusoidal function
fitting.

Several simulation cases are set to demonstrate the per-
formance of the proposed improved model. Furthermore,
an experiment system including three self-made real-time
electric field measurement devices is built. According to the
measuring electric field data, the voltages of OTLs with wind
deviation can be effectively inversed. The simulative and
experiment cases show conspicuous promotion of proposed
improved model.

FIGURE 1. Transmission line unequal suspension diagram.

II. IMPROVEMENT OF ELECTRIC FIELD
THREE-DIMENSIONAL CALCULATION MODEL
CONSIDERING HORIZONTAL WIND DEFLECTION
A. OTL’S CATENARY EQUATION WITHOUT
HORIZONTAL WIND DEFLECTION
The OTLs suspended between two towers are catenary. The
three-dimensional OTLs diagram is set as shown in Figure 1.
A and B are the two unequal suspension points with height
difference of h; H is the lowest sag height and L is the span
length.

The catenary equation [19]–[21] of OTL with unequal
suspension is

z =
σ

γ

(
cosh

γ x
σ
− 1

)
+ H (1)

where γ and σ are the specific load and the horizontal stress
of conductors, respectively.

When x = −lOA, z = ZA and x = lOB, z = ZB. (2) can be
obtained by applying these boundary conditions into (1):

lOA =

L −
2σ
γ
· arcsinh

[
hγ
2σ

(
sinh

γL
2σ

)−1]
2

lOB =

L +
2σ
γ
· arcsinh

[
hγ
2σ

(
sinh

γL
2σ

)−1]
2

(2)

When the OTL is suspended with equal height, i.e. h = 0
and lOA = lOB = L/2, it means the lowest point of the sag is
at the center of a span.

B. OTL’S CATENARY EQUATION WITH
HORIZONTAL WIND DEFLECTION
For the OTLs operating in the wilds, the OTL’s weight pro-
duces vertical specific load γ1, and the wind pressure that is
transverse to OTLs, produces the horizontal specific load γ2.
And γ3 is a comprehensive specific load comprised with γ1
and γ2. These specific loads can be calculated according
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FIGURE 2. Schematic diagram of OTLs with wind deflection.

to [23], [24].

γ2 = 0.6125×
kcdv2w
s
× 10−3 (3)

γ3 =

√
γ 2
1 + γ

2
2 (4)

where kc is a constant, d and s are the dimeter and cross-
sectional area of OTL respectively, and vw represents wind
speed.

In addition, the environmental temperature t will affect the
horizontal stress σ of the conductor. They have the following
relationship [22], [26].

σ 2
II (σII + A)− B = 0

A =
e0γ 2

I L
2

24σ 2
I

− σI + κe0(tII − tI )

B =
e0γ 2

IIL
2

24

(5)

where L is the length of span, κ is expansion coefficient of
conductor, e0 is elasticity coefficient, and the subscripts I and
II represent two types of environmental and load conditions.
Generally, I represents the known standard state.

The established xyz coordinate system and uyv coordinate
system are both shown in Figure 2.
l1 is the OTL without wind deflection and it is in the xoy

plane, while l2 shows the spatial morphology of l1 affected
by the wind and it is in the uo′v plane. The wind deflection
angel θ between the xoz and uo′v is

tan θ =
γ2

γ1
(6)

The catenary equation of l2 in the uyv coordinate system
can be calculated as follow

v =
σ ′

γ3
(cosh

γ3u
σ ′
− 1)+ H1 (7)

where the H1 is the lowest sag height of l2. Considering the
unequal suspension, there is an angle α between u axis and x
axis

ZB − ZA
L

· tan θ = tanα (8)

In this condition, the horizontal stress σ ′ of l2 is

σ ′ =
1

cosα
σ (9)

Since the electric field is measured in xyz coordinate sys-
tem, l2 should also be represented in xyz coordinate system
for the convenience of analysis.
z=

γ1

γ3
· [
σ ′

γ3
(cosh

γ3x
σ
− 1)+ H1]

y=−
γ2

γ3
· [
σ ′

γ3
(cosh

γ3x
σ
− 1)+ H1]+ x tanα + Z0

γ2

γ1
(10)

where

Z0 =
ZA · lOB + ZB · lOA

lOB + lOA
(11)

H1 = H + Z0 · (
1

cos θ
− 1) (12)

In particular, when OTL is equal suspension, ZA =

ZB = Z0, and α = 0.

C. THREE-DIMENSIONAL CALCULATION MODEL OF
ELECTRIC FIELD AROUND AC OTLS
The potential in space generated by OTLs can be calculated
based on the Charge Simulation Method (CSM) [27]–[30].
In numerical calculation, the catenary OTLs are discretized
into small segments for linearization, and numerical integra-
tion algorithm is adopted. Then the mathematical relationship
between OTLs voltages U and simulated line charges Q can
be expressed in matrix form

U = λQ (13)

where λ is potential coefficient matrix, and its element λnm
can be calculated according to mirror principle

λnm =
1

4πε0

∫
`n

(
1
rnm
−

1
r ′nm

)
d`n (14)

where ε0 is air dielectric constant, `n is the nth segment of
OTL path described in (10), rnm and r ′nm are the distances
between the nth andmth segment line charge andmth segment
mirror line charge, respectively.{

rnm=
√
(xn − xm)2 + (zn − zm + Req)2 (n = m)

rnm=
√
(xn − xm)2 + (yn − ym)2 + (zn − zm)2 (n 6= m)

(15a){
r ′nm=

√
(xn − xm)2 + (zn + zm − Req)2 (n = m)

r ′nm=
√
(xn − xm)2 + (yn − ym)2 + (zn + zm)2 (n 6= m)

(15b)

where the Req is the equivalent radius of a cluster of split
conductors.

The electric field can be calculated

E = −∇ν = −
(
∂ν

∂x
ex +

∂ν

∂y
ey +

∂ν

∂z
ez

)
= Exex + Eyey + Ezez (16)
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The three dimensional components of electric field under
power lines can be measured respectively. Some stud-
ies [31], [32] show that when the electric field measuring
point is near to the ground, Ez is much larger than Ex and Ey.
To ensure the accuracy of inversion calculation and reduce the
complexity of optimization algorithm, the objective function
of the optimization process is constructed by adopting Ez
component only.

It is assumed that there are K electric field measur-
ing points below the OTLs, and the mathematical relations
between the Ez components from those measuring points and
simulated line charges can be shown as

Ez = BQ (17)

whereB is the electric field coefficient matrix, and its element
bkm can be calculated as follow:

bkm =
L

4πε0M
cosh

σ0xm
γ3

[
z− zm
d3km

−
z+ zm
d ′3km

]
(18)

where dkm and d ′km are the distances between the kth mea-
suring point and mth segment line charge and mth segment
mirror line charge, respectively. M is the segmentation num-
ber of OTL in one spacing.

Eventually, the relationship between OTLs’ voltages and
their generated space electric field component can be
obtained by synthesizing (13) and (17)

Ez = Bλ−1U = CU (19)

III. ERROR ANALYSIS OF THE CALCULATION MODEL
The calculation based on the model without considering the
wind deviation is represented with subscript 1, while the cal-
culation based on the model considering the wind deviation
is represented with subscript 2.

When the wind deviation occurs, the difference in the
parameters of λ and B leads to the error. According to the
proposed improvement shown in (10), and the parameters
calculation in (14) and (18), the approximate relation of
parameters of the two models is

λ2 ≈ (
cos θ
cosα

)2λ1

B2 ≈
cos θ
cosα

B1

In addition, according to (8), 0 ≤ α < θ < 90◦, for
convenience of description, there is

ζ =
cos θ
cosα

< 1

The actual voltage of OTLs are assumed as U and the
inverse calculated voltage U∗1 can be expressed as

U∗1 =
(
B1λ
−1
1

)−1
Ez =

(
λ1B−11 C

)
U

And the error 1U∗1 becomes:

1U∗1 = U∗1 − U =
(
λ1B−11 C− I

)
U

Considering that there are K electric field measuring
points, the corresponding error variance a1 is

a1 =
1U∗T1 ·1U

∗

1

K

=

UT
(
(λ1B−11 C)T − I

)
·

(
λ1B−11 C− I

)
U

K

a2 can be obtained in the same way:

a2 =
UT

(
ζ (λ1B−11 C)T − I

)
·

(
ζλ1B−11 C− I

)
U

K

These lead to

a2 < a1

It shows that the improvedmodel can increase the accuracy
of calculation.

IV. OPTIMIZATION ALGORITHE FOR THE INVERSION
There are several optimization algorithms proposed for dif-
ferent application conditions. In this voltage inversion cal-
culation, a single optimization algorithm can hardly meet
the calculation demands of convergence speed and global
optimum solution. In this paper, an improved optimiza-
tion algorithm is used for inverse calculation. By absorb-
ing the advantages of the particle swarm and genetic
algorithm, the intermingled algorithm achieves a good bal-
ance between the high convergence stability and fast conver-
gence rate. Furthermore, it resolves the issue of trapping in a
local optimal solution during the rapid convergence process.
The optimization algorithm is elaborated in [8], therefore,
only its flow chart is shown here.

V. SIMULATION AND EXPERIMENT
A. SIMULATION ANALYSIS
1) SIMULATION CONDITION SETTINGS
According to the analysis in section II, λ and B are coef-
ficient matrixes that contain the structural information of
OTLs, which means the applicability for different arrange-
ments of conductors. In addition, the voltage of multi-
circuit transmission lines can be calculated with adjustment
of measuring points. Here one typical case is offered. For
220kV single-circuit three-phase OTLs, the phase conductor
is 2×LGJ-400/35, the radius of sub-conductor is 13.41mm,
the distance of two sub-conductors in same phase is 0.35m,
the span length is 200m, and the height difference between
two unequal suspension points is 5m. The layout of the phase
conductors at the lower tower is shown in Figure 4. The
weather is sunny and the ambient temperature is 20◦C.

The symmetrical three-phase voltages on OTLs are set as U̇A
U̇B
U̇C

 =
 127.026 − 120◦

127.026 0◦

127.026 120◦

 kV
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TABLE 1. Result of OTLS inversed voltages with no wind deflection.

FIGURE 3. Flow chart of OTLs voltage inversion operation.

2) VOLTAGE INVERSION IN THE CONDITION
WITHOUT WIND DEFLECTION
When the OTLs are operating in the normal state without
wind deflection, there are θ = α = 0 in the proposed
mathematical model, then it is the same as the conventional
mathematical model.

The electric field measurement errors and random inter-
ference are inevitable in practical application. In the

FIGURE 4. Phase conductor arrangement.

simulative cases, different degrees of random noise are super-
posed in the theoretical value of electric field to simulate the
errors. Generally, the measuring error of measuring device
is limited to 10% [10], [33]. In this paper, the maximum
measuring error is set as 20% with consideration of random
interference. The voltage inversion results and related statis-
tical data are shown in Table I.

According to Table I, the three-phase maximum amplitude
and phase errors increase when the electric fieldmeasurement
error increases. Even if the measurement error reaches to
20%, the three-phase maximum amplitude error is limited to
3.80% and maximum phase error is 4.08◦, which verified the
robustness and accuracy of proposed optimization algorithm.

3) VOLTAGE INVERSION IN THE CONDITION
WITH WIND DEFLECTION
When the OTLs are affected by the wind and a horizontal
deviation occurs, the electric field at the spatial observation
point will change accordingly. The electric field measuring
devices are used to collect the real electric field data of the
site. Meanwhile, if the theoretical calculation model takes no
consideration of the wind deviation, there would be a large
error between the inverse voltages and actual ones. Different
wind speeds and their environment conditions are shown
in Table III. It can be clearly seen in Figure 5. Under the
condition of 10m/s wind speed and 5% electric field measure-
ment error, the inversion results are completely invalid.While
the situation is greatly improved when applying the improved
model proposed in this paper.

Under the same analysis conditions, the inversion results
are shown in Figure 6.

Furthermore, according to [10], [34], the different electric
field measurement errors and different wind speeds are set
to testify the performance of the improved model proposed
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TABLE 2. Result of inversed voltages based on the improved model with different measurement errors.

TABLE 3. Wind speeds and environment conditions.

TABLE 4. Result of inversed voltages based on the improved model with different wind speeds.

FIGURE 5. Fitting curves of inversed voltages based on the unimproved
model with 5% electric field measurement error.

in this paper. The corresponding inversion results are shown
in Tables II and IV, respectively.

Similarly, with the increase of electric field measurement
error, the error of inversed voltages increases slightly as
shown in Table II. Compared with Tables I and II, at the
same level of measurement error, the inversion results in
the presence of wind deviation are slightly larger than those
in the absence of wind deviation. However, it can be seen
that even under the condition with an unexpected large

FIGURE 6. Fitting curves of inversed voltages based on the improved
model with 5% electric field measurement error.

measurement error, the inversion results by using the pro-
posed calculation model are still acceptable.

In this paper, 5m/s, 10m/s and 15m/s is chosen as repre-
sentative wind speeds of breeze, moderate gale and strong
wind shown in Table III. Bringing the wind speed into the
mathematical model shown in Section II and inputting the
measured electric field date under the corresponding condi-
tions, the OTLs’ voltages can be calculated. Table IV shows
that under different wind conditions, accurate results can be
obtained by using the proposed calculation model.
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TABLE 5. Electric field data measured in the experiment (V/m).

FIGURE 7. Picture of experimental site.

B. EXPERIMENTAL VERIFICATION
1) EXPERIMENTAL SETTINGS
As shown in Figure 7, the experiment system consists of
a three-phase voltage regulator, a three-phase transformer,
three-phase conductors, high voltage probes and oscillo-
scopes. In addition, three self-made real-time electric field
measurement devices are designed to meet the distinctive
electric field measuring requirement of multi-points, syn-
chronization and instantaneity. The instantaneous electric
field components can be measured and stored. More details
about the specified electric field measuring device are elabo-
rated in [33], and the measuring device is shown in Figure 8.
The electric field measurement devices are installed at 0.9m
high from the ground, with spacing distance of 2.5m from
each other. The three-phase conductors are arranged at certain
spatial locations to simulate the OTLswith 0.216m horizontal
deflection when the wind speed is 10m/s. The three-phase
voltages exerted on the conductors are actually measured
by high-voltage probes and oscilloscopes, which are used to
compare with the calculated voltages. Due to the influence of

FIGURE 8. Electric field measuring device.

loads, the three-phase voltages are not completely balanced: U̇A
U̇B
U̇C

 =
 4.016 − 119.7◦

3.806 0.3◦

3.616 120.4◦

 kV

2) EXPERIMENTAL RESULTS
The component of electric field Ez is synchronously collected
by three measuring devices and the data are shown in Table V.

Taking the electric field data into voltage inversion opera-
tion algorithm based on the unimproved mathematic model,
the result is U̇∗A1

U̇∗B1
U̇∗C1

 =
 7.616 − 115.6◦

3.396 − 21.9◦

1.626 182.9◦

 kV

Obviously, the unbalance of the inversion voltages occurs.
The maximum amplitude error is 89.7% and maximum phase
error is 62.5◦. The inversed voltages are invalid, which influ-
ences the state assessment of power lines.
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While based on the improved model, the result is U̇∗A2
U̇∗B2
U̇∗C2

 =
 3.956 − 117.9◦

3.816 1.6◦

3.476 115.2◦

 kV

From the above, it is clear that the maximum ampli-
tude error decreases to 3.88% and maximum phase error is
4.8◦. Compared with inversed voltage based on the unim-
proved model, the accuracy of inversion calculation promotes
significantly.

Compared with the simulation cases, the maximum ampli-
tude error and maximum phase error in the experiment is
slightly larger than the simulation results. The result based
on the improved model shows much more accuracy than
that based on the unimproved model in both simulation and
experiment case, which indicates the promotion effect of
proposed improved electric field calculation model.

VI. CONCLUSION
In this paper, an improved electric field calculation model
is proposed for the promotion of non-contact voltage mea-
suring of OTLs. By establishing a refined catenary equation
with consideration of the vertical suspension and horizontal
wind deviation of OTLs, the inversion process takes more
environmental factors into account and the accuracy and
applicability of the non-contact measurement can be greatly
improved. Verified by simulative cases with different mea-
surement errors and wind speeds, the proposed improved
electric field model shows ascent effect. In the case of OTLs
with horizontal wind deflection, the inversion result obtained
by the conventional calculation model is totally invalid, while
based on the improved model, the three-phase maximum
amplitude error is 6.48% and maximum phase error is 6.26◦

when the electric field measuring error is as high as 20%.
Meanwhile, the three-phase maximum amplitude error is
limited to 2.54% and maximum phase error is 0.96◦ when
the strong wind speed reaches to 15m/s. In addition, the pro-
motion effect of the proposed improved calculation model is
also demonstrated by the built experiment system.
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